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Abstract
We analyzed the frequency shifts of photons emitted from massive particles that move in stable
geodesics around black holes with non-linear electrodynamics. The motion of the photon is modified
by an effective metric when the Einstein gravity is coupled with non-linear electrodynamics. The
kinematic shifts for photons are modified by the magnetic and electric factors that make the
difference between the linear and non-linear electrodynamics. As an illustration, we present the
frequency shifts of the photons for black holes with non-linear electrodynamics, two magnetic black
holes, and two electric black holes, the Bardeen and Bronnikov black holes for the magnetic charge
and the Born-Infeld and Dymnikova black holes for electric charge. These frequency shifts are
compared with their linear electromagnetic counterpart.
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I. INTRODUCTION
The evidence that several galaxies contain a supermassive black hole at their center, with
a mass ranging from millions to billions of solar masses [1], has led to various studies and
observations. For example, different studies have provided strong evidence that Sgr A* (an
extremely compact radio source at the center of our Galaxy) is a supermassive black hole
[2].
Shortly project GRAVITY [3], will track the stars orbiting Sgr A*, then it needs to
propose models or novel relativistic methods for determining parameters corresponding to
black holes in terms of directly observed magnitudes.
In [4] a theoretical approach was developed to obtain the parameter of a Kerr black hole
in terms of the redshift and blueshift of photons emitted by massive particles traveling along
stable circular geodesics around a Kerr black hole. Using this idea, different configurations
of black holes have been studied. In [5] the Reissner-Nordstro¨m (RN) black hole was studied.
It is well known that in the presence of non-linear electrodynamics (NED), the behavior
of photons and massless test particles are not the same, the photons propagate along null
geodesics of an effective geometry that depends on the non-linear theory. Then, the elec-
tromagnetic fields modify the trajectories of the null geodesics [6]. The effects of no-linear
electrodynamics have been analyzed by various authors to study a variety of physical situa-
tions, for example, the quasinormal modes of non-linear electromagnetic black holes [7], the
Scattering and absorption sections black hole in NED [8] and the shadow of regular black
holes in NED [9].
The paper is organized as follows: Sec. II shows how to determine frequency shifts of
photons emitted from massive particles that move in stable geodesics around black holes
with NED, considering the modifications of the photon trajectories. At the end of this
section we give the modified expression of the redshifts in term of the magnetic and electric
factors of the effective metric. In Section III we analyze the frequency shifts of the four
examples mentioned above. In each case, the frequency shifts are compared with the ones
corresponding to the massless test particles and light rays of the Reissner-Nordstro¨m (RN)
black hole that is the linear counterpart of NED. Finally, conclusions are given in the last
section.
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II. THE RED-BLUESHIFTS FOR PHOTON
The connection between the red-blueshifts of the photons emitted by massive particles
that move around of a black hole was pointed out in[4]. In this section we give a summary of
the method considering a statistical space-time as in [5] and we introduce the modifications
caused by the NED.
First, we consider the spherical coordinates xµ = (t, r, θ, φ) and for a static spherically
symmetric background;
ds2 = gµνdx
µdxν = −f(r)dt2 + 1
g(r)
dr2 + r2dΩ2, (1)
,
the particles propagate in the space-time following the geodesic equation;
δ = gµν x˙
µx˙µ = −f(r)t˙2 + 1
g(r)
r˙2 + r2θ˙2 + r2 sin θφ˙2 (2)
where x˙µ = Uµ = dx
µ
dτ
is the 4−velocity, τ is an affine parameter. When δ = 0, the
equation corresponds to photon, while δ = −1 represents massive particles.
The conserved quantities of the massive particles are the energy E and angular momentum
L, given by;
U t = − E
gtt
=
E
f(r)
Uφ =
L
gφφ
=
L
r2 sin θ
(3)
For equatorial orbits (θ = pi/2), the equation of motion for a test particle in the static
space-time is given by grrr˙
2+Veff = 0, where Veff is the effective potential for radial motion;
Veff = 1 +
E2gφφ + L
2gtt
gφφgtt
= 1− E
2r2 − L2f(r)
r2f(r)
. (4)
For the geodesics of the massive particles (stars or gas) to be considered as circular orbits
stable they must fulfill the following conditions; V
′
eff(rc) = Veff(rc) = 0 where rc is the
radius of the circular orbit and the prime denotes derivative respect to r. From these two
conditions it is possible to write the constants of motion as;
E2 = − g
2
ttg
′
φφ
gttg
′
φφ − g′ttgφφ
=
2f 2(r)
2f(r)− rf ′(r) |rc (5)
3
L2 =
g2φφg
′
tt
gttg
′
φφ − g′ttgφφ
=
r3f
′
(r)
2f(r)− rf ′(r) |rc (6)
Finally for circular stable orbits to exist, the condition V
′′
eff (rc) > 0 must be fulfilled.
The aim is to get the red zr and blue shifts zb of the light emitted by stars or gas orbiting
around of the black hole. The emitted photons have 4−momentum κµ and move along null
geodesics γµνκ
νκµ = 0, where γµν is the effective metric.
The calculation of the effective metric components γµν of an static space-time is shown
in [7]. The line element is given by;
dS2eff = γµνdx
µdxν = (LFGm)−1
{
GmG
−1
e
(
−f(r)dt2 + 1
g(r)
dr2
)
+ r2dΩ2
}
. (7)
where Gm and Ge are the magnetic and electric factors that make the difference between
the linear and non-linear electromagnetism and are given by;
Gm =
(
1 + 4LFF q
2
m
LF r4
)
, Ge =
(
1− 4LFF q
2
e
L3F r4
)
; (8)
L is an arbitrary function of the electromagnetic invariant F = F µνFµν and the subindex
F represents the first or second derivative with respect to F . Gm and Ge in the linear limit
become equal to one.
The action for gravitation coupled to a non-linear electrodynamics (NED) is;
S =
1
16pi
∫
d4x
√−g[R −L(F )], (9)
where R is the scalar curvature.
The energy −Eγ = γttκt and angular momentum Lγ = γφφκφ of the emitted photon are
conserved quantities.
The frequency shift z associated with the emission (e) and detection (d) of photons is
defined as;
1 + z =
ωe
ωd
=
−κµUµ |e
−κνUν |d (10)
where ωe is the frequencies emitted by an observer moving in the circular stable orbit
and ωd the frequency detected.
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If the detector (or observer) is located very far away from the source (r →∞), U t = E =
1. In the case of circular orbits, U r = 0 and in the equatorial motion Uθ = 0, equation (10)
takes the form;
1 + z =
(EγU
t − LγUφ) |e
(EγU t − LγUφ) |d =
U te − beUφe
U td − bdUφd
, (11)
where b is the impact parameter of the photons b = Lγ/Eγ and with be = bd . Now it is
necessary to consider the kinematic redshift of photons zkin along the line of sight that links
the black hole and the observer. Then for a 1+ zc = U
t
e/U
t
d redshift evaluated at the central
value (b = 0) the kinematic redshift of photons is defined as zkin = z − zc.
From κνκ
ν = 0 with κr = κθ = 0, it is possible to obtain b = ±
√
−γφφ
γtt
. There are two
different values of b (b+ = −b−), these values represent the photons emitted by a receding z1
(redshift) or an approaching object z2 (blueshift) with respect to a distant observer i.e the
kinematic shifts of photons emitted from either side of the central value read as |z1| = |−z2|.
If the detector is located far away from the object, rd → ∞ and Uµd → (1, 0, 0, 0) result
in;
z1 = U
φ
e be+ . (12)
Now, using the equations (3), (5)and (6), the expression for the 4− velocity Uφe in terms
of the metric components is;
Uφe =
√
g
′
tt
gttg
′
φφ − g′ttgφφ
=
√
f ′(r)
2rf(r) + r2f ′(r)
. (13)
Then the explicit form of (10), is given by:
zph = z1 =
√
1
GmG−1e
rf ′(r)
f(r) (2f(r) + rf ′(r))
=
√
Ge
Gm
zmassless (14)
Where zmassless is linear counterpart (Ge = Gm = 1) of zph. zph is enhanced or suppressed
as compared to the linear counterpart zmassless depending of the arbitrary function L(F ).
For example, if LFF/LF < 0 then Gm 6 1 and Ge > 1 and consequently zph gets a mayor
value compared to the linear counterpart.
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III. EXAMPLES
As an illustration we calculate the kinematic shifts for four black holes in NLED theory,
considering the modification of the effective metric and the impact parameter. Then, we
analyze and compare with the case when the effective metric is not considered (for massless
particles). Also the comparison with the kinematic shifts of the linear electromagnetic
counterpart (RN black hole) is done.
A. Bardeen black hole
The Bardeen BH can be interpreted as a self-gravitating nonlinear magnetic monopole
[10] with mass M and magnetic charge qm = g, derived from Einstein gravity coupled to the
nonlinear Lagrangian,
L(F ) = 6
sg2
(g2F/2)
5
4
(1 +
√
g2F/2)
5
2
, (15)
where s = |g|/2M . The solution for the coupled Einstein and NLED Lagrangian (15) for
a static spherically symmetric space is given by,
f(r) = g(r) = 1− 2Mr
2
(r2 + g2)
3
2
. (16)
The solution (16) has horizons only if 2s = g/M ≤ 4
3
√
3
. The electromagnetic invariant
is F = 2g2/r4 and the Ge and Gm factors are given by
Ge = 1, Gm = 1− 4(6g
2 − r2)
8(r2 + g2)
. (17)
The circular orbits on the equatorial plane exist provided that the equation (5) (E2 > 0)
and the equation (6) (L2 > 0) are simultaneously fulfilled. Also the stability of these circular
orbits requires that the V
′′
ef(rc) > 0. This analysis is performed numerically, figure (1), shows
a density plot which illustrates the combinations for E and L/M that allow for a greater
number of circular orbits (represented by the lighter part of the plot).
It is possible to obtain the behavior of z, which is shown in figure (2) for different values
of rc/M . The value of z for Bardeen black hole, decreases as
rc
M
augments.
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FIG. 1: Density plot for the parameters E and L/M in Bardeen BH. Lighter regions represent a
higher number of possible orbits.
It can be noted that when massless particles are considered, the behavior of z redshift
in function of rc/M for Bardeen black hole remains near RN black hole as can be noted
from (2), while the deviation with respect to the photon (ph) case is more significant (zph <
zRN < zmassless).
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FIG. 2: Behavior of kinematic redshift for Bardeen black hole with values E = 0.5 and L/M = 2.
To carry out the study, we define the critical charge gc =
4M
3
√
3
. Then the z redshift in
terms of g/gc for Bardeen black hole, from massless particles and photons (ph) are compared
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in Fig (3), where also the redshift for RN is shown. Then it is possible to observe that
zph < zRN < zmassless.
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FIG. 3: Behavior of kinematic redshift for Bardeen black hole with values E = 0.5 and L/M = 2.
The resemblance with the z of RN occurs only when the charge approaches zero in the
case of massless particles. However, in the case of photons in the limit that charge goes to
zero, the RN behavior is not recovered. Note that for g 7→ 0 the correct limit Gm = 1 is
not achieved, instead Gm(g 7→ 0) = 3/2, [7] gives one possible explanation, that may be the
nature of the solution because the charge and mass parameters are not independent, and in
fact when the charge is turned off, so does the mass, whose origin is purely electromagnetic.
Similar behavior was observed in [8] in the study of the Scattering and absorption sections
black holes in NED.
B. Dymnikova electric black hole
In [11] a SSS solution of NED coupled to gravity that satisfies the weak energy condition
and is an electrically charged regular structure, is presented.
The electrically charged solution was found in the alternative form of NED obtained by the
Legendre transformation Pµν = LFFµν with P = PµνP µν and considering the Hamiltonian-
like function H(P ) = 2FLF −L. The P frame is related to the F frame by L = 2PHP −H
with HP = dH/dP .
The proposed function H(P ) is;
H(P ) =
P
(1 + α
√−P )2 , (18)
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and the function F is given by;
F =
P
(1 + α
√−P )6 , (19)
where α = r20/q
√
2, and the electric invariant is P = −2q
r4
.
The Lagrangian and its derivative are;
L = 2q
2(r20 − r2)
(r2 + r20)
3
; LF = (r
2 + r20)
3
r6
. (20)
The line element is given by;
f(r) = g(r) = 1− 4M
rpi
[
arctan
(
r
r0
)
− rr0
r2 + r20
]
(21)
where r0 = pig
2/8M , M is the mass and q the electric charge. In terms of q/2M , a
black hole exists for q/2M ≤ 0.536, and for q/2M > 0.536 we have an electrically charged
self-gravitating particle-like NED structure. The Ge and Gm factors are given by;
Gm = 1, Ge =
(√
2r2 + 2qα√
2r2 − 4qα
)
(22)
where it has been considered that LFF = 12
(
HP
FP
− LF
)
(see [11]).
Figure (4) shows the different values of E and L/M that fulfills the conditions of E2 > 0
, L2 > 0 and V
′′
ef > 0 for r = rc in the case of Dymnikova magnetic black hole.
Choosing the appropriate values observed in the figure (4) allows us to obtain the behavior
of z for the Dymnikova magnetic black hole. Figure (5) shows the z redshift in function of
rc/M .The behavior of z is similar for photon and massless particles, the z for RN is higher
throughout the range considered. In the three cases z decreases as the values of rc
M
increase.
Analyzing with more detail it is possible to observe that zmassless < zph < zRN , in this
case the effect is more remarkable for RN while for Bardeen BH, massless particles are the
dominant.
Now, in figure (6) the behavior of the z redshift as function of q/qc is shown, where
qc = 2(0.536)M . The resemblance of the behavior of photon and massless particles with RN
occurs when the charge approaches zero, z decreases as q/qc increases and zmassless < zph <
zRN
9
FIG. 4: Density plot for the parameters E and L/M in Dymnikova BH. Lighter regions represent
a higher number of possible orbits.
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FIG. 5: Behavior of kinematic redshift for Dymnikova black hole with values E = 0.5 and L/M = 2.
C. Bronnikov magnetic black hole
The NLEM Lagrangians coupled to gravity were analyzed focusing on the properties that
lead to nontrivial regular metrics. Reference [12] gives one example of a regular magnetic
black hole, with the Lagrangian:
L(F ) = F sech2[a(F/2)1/4], (23)
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FIG. 6: Behavior of kinematic redshift for Dymnikova black hole with values E = 0.5 and L/M = 2.
where a is a constant. The metric function in the line element of the form (1) is
f(r) = g(r) = 1− g
3/2
ar
[
1− tanh
(
a
√
g
r
)]
, (24)
where the constant a is related to the mass m and the magnetic charge g by a = g3/2/(2M).
The solution corresponds to a BH if M/g > 0.96. The electromagnetic invariant is F =
2g2/r4. For a purely magnetic charge Ge = 1 and
Gm =
g2 sinh2( g
2
2Mr
)
(
−2g2 + g2 cosh( g2
2Mr
)− 5Mr sinh( g2
2Mr
)
)
4Mr
(
−4Mr + g2 tanh( g2
2Mr
)
) (25)
As in the previous cases, figure (7) shows the ranges of E and L/M for which we can have
circular stable orbits. It is possible to observe that in the case of Bardeen black hole, the
ranges of values of E and L/M are wider than for Bronnikov and Dymnikova black holes,
then the chances of having massive particles that move around of a black hole are higher for
Bardeen black hole.
In figure (8) the behavior of the z redshift is showed. In the same way that Bardeen and
Dymnikova black holes the z for Bronnokov black hole decreases as rc
M
augments, but the
differences while considering photons and massless particles are minimal, in the same way,
the same conclusion arises when comparing with RN, however, it is possible to observe this
differences by normalizing the different z, then it is possible to obtain zRN < zmassless < zph.
In figure (9) the behavior of the z redshift as function of g/gc shows that z decreases as
q/qc augments. In the case of photon and massless particles, the differences are minimal but
11
FIG. 7: Density plot for the parameters E and L/M in Bronnikov BH. Lighter regions represent
a higher number of possible orbits.
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FIG. 8: Behavior of kinematic redshift for Bronnikov black hole with values E = 0.5 and L/M = 2.
the different with RN can be observed. We consider gc =M/0.96.
D. Born-Infeld black hole
The Einstein-Born- Infeld (EBI) generalization of the Reissner Nordstro¨m (RN) BH was
obtained by Garc´ıa, Salazar and Pleban˜ski in [13].
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FIG. 9: Behavior of kinematic redshift for Bronnikov black hole with values E = 0.5 and L/M = 2.
The Einstein-Born-Infeld solution is singular at the origin and it is characterized by
three parameters: mass, charge and the BI parameter b that is the maximum attainable
electromagnetic field.
The Lagrangian of the Born−Infeld solution is given by;
L(F ) = 4b2
(
−1 +
√
1 +
F
2b2
)
. (26)
The line element of the Born− Infeld black hole is;
f(r) = g(r) = 1− 2M
r
+
2
3
r2b2
(
1−
√
1 +
q2
b2r4
)
+
2
3
q2
r
√
b
q
F
(
arccos
[
br2/q − 1
br2/q + 1
]
,
1√
2
)
,
(27)
where F is the elliptic integral of the first kind, M is the mass parameter, q is the electric
charge (both in length units) and b is the Born-Infeld parameter that corresponds to the
magnitude of the electric field at r = 0. The nonvanishing component of the electromagnetic
field is Frt = q
(
r4 + q
2
b2
)−1/2
. The nonlinear factors Gm and Ge, in case that only electric
charge is considered, qm = 0 and qe = q ;
Gm = 1, Ge =
(
1 +
q2
b2r4c
)
. (28)
The values of E and L/M that can be considered to obtain circular stable orbits are
shown in figure (10). The ranges of values for obtaining stable orbits are not very wide, the
geodesic structure of the EBI BH was studied in [14] where the ranges for different orbits
are discussed.
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FIG. 10: Density plot for the parameters E and L/M in Born−Infeld BH with b = 0.3. Lighter
regions represent a higher number of possible orbits.
As in the case of Bronnikov black hole the z redshift for massless particles and photon do
not present a noticeable difference for Born-Infeld black hole. However, in the two cases, z
decreases as rc
M
augments. In the same way, the same conclusion arises when comparing with
RN, however, it is possible to compare these differences by normalizing the z of Born-Infeld
black hole with respect to RN, obtaining that zmassless < zRN < zph. This relation for z is
independent of the parameter b, however, by increasing it, behavior for photons and massless
particles gets closer to RN.
In figure (12) it can be observed that zmassless < zph < zRN , when we consider z redshift
in function of q/qc where qc =M .
E. Asymptotic behaviour
The asymptotic behavior of z would depend on the behavior of the metric functions and
the magnetic and electric factors. When considering the effects of NED for the different
black holes the behavior of z when rc/M ≫ 1 is the following:
• Reissner-Nordstro¨m black hole
14
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FIG. 12: Behavior of kinematic redshift for Born−Infeld black hole with values E = 0.5, b = 0.3
and L = 2.
z ≈
√
M
rc
+
(
5
2
− 0.5q
2
M2
)(
M
rc
)3/2
+ · · · (29)
• Bardeen black hole
z ≈
√
2
3
√
M
rc
+
5√
6
(
M
rc
)3/2
+ · · · (30)
• Dymnikova black hole
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z ≈
√
M
rc
+
(
5
2
− 0.88q
2
M2
)(
M
rc
)3/2
+ · · · (31)
• Bronnikov black hole
z ≈
√
M
rc
+
(
5
2
− 0.424g
2
M2
)(
M
rc
)3/2
+ · · · (32)
• Born-Infeld black hole
z ≈
√
M
rc
+
(
5
2
− 0.5q
2
M2
)(
M
rc
)3/2
+ · · · (33)
It is possible to observe that the behavior of z is the same when considering first-order
for Dymnikova, Born-Infeld, Bronnikov, and RN black holes. In the case of Bardeen black
hole, the difference is given by the factor
√
2/3 that describes best the NED’s contribution
in the other cases, said factor tends to one in the proposed limit. At second-order, small
differences are already observed but the behavior of RN and BI is the same and does not
depend on the Born-Infeld parameter.
IV. CONCLUSIONS
This paper shows how the red-blueshifts of the photons emitted by massless test particles
that move around a black hole are modified by considering the effective metric generated
by the action of NLED. The kinematic shifts for photons are modified by the magnetic and
electric factors that make the difference between the linear and non-linear electrodynamics.
While the NLED effects are not manifest on the behavior of red-blueshifts of the photons,
they are present when considering the differences between massless test particles and pho-
tons, also when its redshifts are compared with the redshifts of Reissner-Nordstro¨m black
hole. The redshifts from two magnetic black holes and two electric black holes were studied
and analyzed.
In the cases of the Bardeen and Bronnikov black holes that have magnetic charge, the
behavior of z for both black holes decreases as rc
M
augments. For the Bardeen black hole,
the difference between massless test particles an photons is appreciable but the difference
between RN and massless test particles is indistinguishable prima facie. For Bronnikov black
16
hole the differences while considering photons, massless test particles and RN are indistin-
guishable, however, it is possible to study these differences by normalizing the different z.
The behavior of z for both black holes decreases as g/gc augments, the difference between
massless test particles, photons, and RN is appreciable in the case of the Bardeen black hole,
for Bronnikov black hole the differences are not easily distinguishable.
For the electric black holes of Born-Infeld and Dymnikova, the redshifts have the same
behavior that in the case of the magnetic black holes, i.e z decreases as rc
M
and q/qc increase.
For the Born-Infeld black hole the differences of z between photons, RN and massless test
particles are closer.
It is worth mentioning that for higher values of energy and angular momentum, more
stable orbits appear around the black hole. However, as can be observed from the density
plots (figures 1, 4, 7 and 10) the condition (L/M)/E > 1 must be fulfilled in order to obtain
the required orbits. The ratio (L/M)/E from which a considerable number of circular
orbits appear (lighter region in figures 1, 4, 7 and 10) varies depending on the BH and its
parameters.
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